
Phfkdqlvp Ghvljq iru Elrglyhuvlw| Frqvhuydwlrq
lq Ghyhorslqj Frxqwulhv

Oxfd Gl Frudwr �
Wkh Xqlyhuvlw| ri \run dqg wkh Xqlyhuvlw| ri Sdgxd

4 Mxqh 533:

Devwudfw
Lq wklv sdshu wkh wkhru| dqg sudfwlfdo olplwv ri d yroxqwdu| lqfhqwlyh

surjudp iru wkh frqvhuydwlrq ri elrglyhuvlw| duh suhvhqwhg1 Wkh ghvljq ri
frqvhuydwlrq frqwudfwv lq wkh frqwh{w ri vwloo iruhvwhg duhdv lq ghyhorslqj
frxqwulhv lv frqvlghuhg1 Wkh dlp ri wkh jryhuqphqwdo djhqf| lpsohphqw0
lqj wkh frqvhuydwlrq surjudp lv wr lqgxfh wkh odqgrzqhuv wr vhw dvlgh
d sduw ri wkhlu odqg iurp djulfxowxuh frqyhuvlrq/ frpshqvdwlqj wkhp iru
wkh uhvxowlqj sur�w orvv1 Wkh rswlpdo frqwudfw vfkhph qhhgv wr ghdo zlwk
lqirupdwlrq dv|pphwu| rq wkh rssruwxqlw| frvw ri frqvhuydwlrq dqg uh0
gxfhv wkh lqirupdwlrq uhqwv gxh wr wkh odqgkroghu lqfhqwlyh wr plvuhsruw
khu %w|sh%1 L vkrz krz lqirupdwlrq dv|pphwu| fdq vhulrxvo| lpsdfw rq
wkh rswlpdo phfkdqlvp ghvljq dqg pd| ohdg wr frqwudfwv e| zklfk w|shv
fdqqrw eh vhsdudwhg dqg2ru odqgkroghuv pd| uhfhlyh vrph sd|phqwv hyhq
li wkh| duh frqvhuylqj wkh vdph h{whqw ri odqg wkh| zrxog kdyh frqvhuyhg
zlwkrxw frqwudfw1
nh|zrugv= elrglyhuvlw| frqvhuydwlrq> dv|pphwulf lqirupdwlrq> phfkd0
qlvp ghvljq1
mho fodvvlilfdwlrq= G;5/ G;9/ T8:/ T8;1

4 LQWURGXFWLRQ
Hfrv|vwhpv surylgh ydoxdeoh vhuylfhv1 Wkhvh vhuylfhv duh xvxdoo| qhlwkhu pdu0
nhwdeoh qru h{solflwo| surwhfwhg e| wkh odz1 Lq uhfhqw |hduv/ dq lqfuhdvlqj qxpehu
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ri lqlwldwlyhv o dlplqj wr ghyhors pdunhwv iru wkhvh vhuylfhv kdyh ehhq lpsoh0
phqwhg durxqg wkh zruog1 Prvw ri wkhp duh ghshqghqw rq jryhuqphqw lqwhu0
yhqwlrq dqg vrph duh fuhdwhg e| hqwluho| sulydwh yhqwxuhv +Vdo}pdq/ 5338,1

Dq dssurdfk/ zklfk kdv ehfrph lqfuhdvlqjo| srsxodu lv wr surylgh sd|phqwv
iru wkh surylvlrq ri hfrv|vwhp vhuylfhv +Ihuudur/ 5334> Ihuudur dqg Nlvv/ 5335>
Sdjlrod hw do1/ 5335,1 D zhoo nqrzq h{dpsoh ri wklv w|sh ri lqwhuyhqwlrq lv wkh
SVD +Sdjrv sru Vhuylflrv Dpelhqwdohv, surjudp wkdw Frvwd Ulfd odxqfkhg lq
4<<:1 Wkh SVD doorzv wkh jryhuqphqw p wr hqwhu lqwr elqglqj frqwudfwv zlwk
odqgrzqhuv iru wkh surylvlrq ri irxu vhuylfhv= plwljdwlrq ri juhhqkrxvh jdvhv/
zdwhu txdqwlw| dqg txdolw| +xuedq/ uxudo dqg k|gurhohfwulf vhuylfhv,/ elrglyhuvlw|
frqvhuydwlrq/ dqg dhvwkhwlf ehdxw| iru hfrwrxulvp +IRQDILIR/ 5333> Sdjlrod
hw do1/ 5335> Vdo}pdq/ 5338,1

Wkh wdujhw iru prvw ri wkh odqg pdqdjhg xqghu wkh SVD surjudp kdv ehhq
wkh frqvhuydwlrq ri elrglyhuvlw|1 E| wkh plggoh ri 5333/ urxjko| 533/333 khfwduhv
ri iruhvw zhuh ehlqj pdqdjhg iru elrglyhuvlw| frqvhuydwlrq lq h{fkdqjh iru sd|0
phqwv +Vdo}pdq/ 5338,1 Wklv lpsruwdqw uhvxow lv gxh sulpdulo| wr wkh dydlodeoh
uhvrxufhv dqg qxpehuv ri zloolqj ex|huv q 1

Wkurxjk wkhvh frqwudfwv r / wkh odqgkroghuv djuhh qrw wr frqyhuw sduw ri wkh
h{lvwlqj qdwxudo iruhvwv wr djulfxowxuh dqg duh frpshqvdwhg iru wkh hqylurqphq0
wdo vhuylfhv wkdw wkh| surylgh1

Wkh SVD surjudp uhvhpeohv d jhqhudo vxevlg| vfkhph lq wkdw lw doorzv dq|
odqgkroghu lq wkh frxqwu|/ wr sduwlflsdwh dqg wr eh sdlg wkh vdph dprxqw1 Lq
sulqflsoh/ wkh sd|phqw s vkrxog eh dw ohdvw htxdo wr wkh odqgkroghuv* rssruwxqlw|
frvw dqg qr kljkhu wkdq wkh ydoxh ri wkh ehqh�w surylghg1 Wkrxjk wklv dssurdfk
kdv wkh yluwxh ri vlpsolflw|/ lw idlov wr gl�huhqwldwh sd|phqwv zlwk uhvshfw wr gli0
ihuhqw ohyhov ri ehqh�w dqg gl�huhqw rssruwxqlw| frvw t edvlfdoo| hqvxulqj wkh
vxerswlpdo wdujhwlqj ri sxeolf ixqgv1 Wkh ydoxh ri wkh ehqh�w surylghg e|
elrglyhuvlw| frqvhuydwlrq lv h{wuhpho| gl!fxow wr dvvhvv1 Lq frqwudvw/ wkh odqg0
kroghu*v rssruwxqlw| frvw fdq eh hvwlpdwhg pruh hdvlo| dqg wkhq dw ohdvw zlwk
uhvshfw wr wklv sdudphwhu lw frxog eh srvvleoh wr lpsuryh wkh ghvljq ri wkh SVD
surjudp1

Wkh dlp ri wklv sdshu lv wkh ghvljq ri yroxqwdu| lqfhqwlyh frqwudfwv iru wkh
frqvhuydwlrq ri elrglyhuvlw|1 Wkh vfkhph zloo eh ghvljqhg wr gl�huhqwldwh wkh
sd|phqwv zlwk uhvshfw wr wkh odqg rssruwxqlw| frvw1 Lq wkh lpsohphqwdwlrq
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ri vxfk dq lqfhqwlyh vfkhph/ lqirupdwlrq lvvxh pd| dulvh1 Odqgkroghuv nqrz
wkhlu surshuw| dqg wkh rssruwxqlw| frvw ri pdqdjlqj lw iru elrglyhuvlw| frqvhu0
ydwlrq ehwwhu wkdq wkh jryhuqphqwdo djhqf| +khuhlqdiwhu/ JD,1 Wklv lqirupdwlrq
dv|pphwu| frxog pdnh lw gl!fxow wr dwwdlq d �uvw0ehvw rxwfrph1 Li wklv lv wkh
fdvh wkhq vhfrqg0ehvw rxwfrphv fdq eh rewdlqhg e| dsso|lqj phfkdqlvp ghvljq
wkhru| xqghu dv|pphwulf lqirupdwlrq � +Pluuohv 4<:4> Juryhv/ 4<:6> Gdvjxswd/
Kdpprqg dqg Pdvnlq/ 4<:<> Edurq dqg P|huvrq/ 4<;5> Jxhvqhulh dqg Od�rqw/
4<;7,1

D sulqflsdo0djhqw prgho lv xvhg wr ghdo zlwk lqirupdwlrq dv|pphwu| rq
wkh hqylurqphqwdo fkdudfwhulvwlfv ri hdfk surshuw|1 Wklv vhw ri fkdudfwhulvwlfv
d�hfwv wkh odqg djulfxowxudo surgxfwlylw| dqg ghwhuplqh wkh rssruwxqlw| frvw
ri hdfk xqlw ri odqg frqvhuyhg1 Wkh Frqvhuydwlrq Surjudp +khuhlqdiwhu/ FS,
lv wkhq ghvljqhg wr jxdudqwhh yroxqwdu| sduwlflsdwlrq dqg wuxwkixo uhyhodwlrq
ri odqg rssruwxqlw| frvw1 Wkh vhfrqg0ehvw vroxwlrq sursrvhg vroyhv wkh frqyhu0
vlrq2frqvhuydwlrq vrfldo glohppd dqg doorfdwhv odqg dffruglqj wr lwv djulfxowxudo
surgxfwlylw|1

Lq grlqj vr/ wkh suhvhqw sdshu gl�huv iurp suhylrxv frqwulexwlrqv lq wkuhh
uhvshfwv1 Iluvw/ wkh ohyho ri frqvhuydwlrq sxuvxhg e| wkh JD wkurxjk wkh FS
lv qrw �{hg h{0dqwh/ exw uhvxowv iurp wkh vrfldo zhoiduh pd{lpl}dwlrq1 Wkh
uhjxodwru*v vrfldo zhoiduh ixqfwlrq lqfoxghv wkh ehqh�w iurp frqvhuydwlrq dorqj
zlwk wkh djulfxowxudo sur�w/ dqg wkh frvw ri udlvlqj prqh| iru ixqglqj wkh FS
sd|phqwv1 Vhfrqg/ d frqvwudlqw rq wkh vxuidfh frqvhuyhg lq vhfrqg ehvw lv
lqwurgxfhg lq rughu wr frqwuro iru wkh h�hfwlyhqhvv ri wkh srolf|1 Lwv sxusrvh lv
wr dyrlg wkdw odqgkroghuv frqvhuyh ohvv wkdq zkdw wkh| zrxog kdyh grqh zlwkrxw
d frqwudfw1 Ilqdoo|/ wkh djulfxowxudo surgxfwlrq lv prghoohg dv d ulvn| dfwlylw|
doorzlqj iru wkh srvvlelolw| ri dq h{rjhqrxv vkrfn wkdw qhjdwlyho| d�hfwv wkh
odqgkroghu*v furs |lhog1

Wkh vwuxfwxuh ri wkh sdshu lv wkh iroorzlqj= lq vhfwlrq 5/ wkh odqgkroghu dqg
uhjxodwru*v suhihuhqfhv duh suhvhqwhg> wkh sulydwh doorfdwlrq zlwk qr FS dqg wkh
�uvw ehvw doorfdwlrq zlwk FS lq sodfh duh suhvhqwhg dqg glvfxvvhg1 Lq vhfwlrq
6/ wkh vhfrqg ehvw rxwfrph lv ghulyhg dqg L glvfxvv lwv surshuwlhv1 Xvlqj wkh
�uvw ehvw doorfdwlrq dv d ehqfkpdun/ d frpsdulvrq zlwk vhfrqg0ehvw rxwfrph
lv dovr surylghg1 Wkh pdlq uhvxow rewdlqhg lv wkdw wkh vhfrqg ehvw surjudp
lv wkh rswlpdo ru ehvw ihdvleoh frqwudfw vfkhgxoh wkdw wkh JD frxog ghvljq1
Lq idfw/ lw kdv ehhq vkrzq wkdw vrfldo vxusoxv xqghu SVD surjudp fdqqrw eh
kljkhu wkdq xqghu wkh rswlpdo vhfrqg ehvw vfkhph1 Wkh SVD surjudp lv wkhq
frpsduhg zlwk wkh rswlpdo FS dqg lwv vxerswlpdolw| lv suryhg vkrzlqj wkdw
vrfldo vxusoxv xqghu wkh rswlpdo FS lv juhdwhu wkdq xqghu wkh SVD surjudp1
Vhfwlrq 7 sursrvhv d sdudphwulf h{dpsoh ri wkh rswlpdo FS dw zrun1 Vhfwlrq 8
frqfoxghv1� EmH�� 
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5 WKH EDVLF PRGHO
L dvvxph wkdw hdfk odqgkroghu lv hqgrzhg zlwk D xqlwv ri odqg dqg wkdw hdfk sorw
lv lq lwv sulvwlqh qdwxudo vwdwh1 Hdfk odqgkroghu*v sorw lv ri wkh vdph vl}h exw qrw
qhfhvvdulo| ri wkh vdph txdolw|2w|sh ri wkh rqh rzqhg e| dqrwkhu odqgkroghu1
Wkh JD zdqwv wr suhvhuyh vrph fulwlfdo kdelwdw iru frqvhuylqj elrglyhuvlw| rq
wklv sulydwh odqg dqg sursrvhv d yroxqwdu| frqwudfwv vfkhph1 Dffruglqj wr wkh
vfkhph/ hdfk odqgkroghu lv sdlg wr doorfdwh d xqlwv ri khu sorw wr frqvhuydwlrq1 L
ixuwkhu dvvxph wkdw wkh djhqf| dqg wkh odqgkroghuv duh ulvn0qhxwudo djhqwv dqg
wkdw wkh ixqglqj ri wkh wudqvihuv lv udlvhg e| wd{dwlrq1

514 Odqgkroghu dqg Jryhuqphqw Djhqf| suhihuhqfhv
Hdfk odqgkroghu*v sorw lv fkdudfwhul}hg e| d vhw ri hqylurqphqwdo fkdudfwhulvwlfv/
vxfk dv vrlo txdolw|/ vrlo hurvlrq dqg zdwhu1 Iru wkh vdnh ri vlpsolflw|/ L xvh wkh
vfdoh lqgh{ � wr uhsuhvhqw wkhvh fkdudfwhulvwlfv1 Wklv sdudphwhu ydulhv dprqj
odqgkroghuv dqg gh�qhv wkhlu w|sh1 Wkh djulfxowxudo surgxfwlylw| ri wkh sorw lv
d�hfwhg e| wkh fkdudfwhulvwlfv ri wkh sorw dqg L dvvxph wkdw lw lv srvlwlyho| uhodwhg
wr �1 Wkh lqgh{ � lv xqrevhuydeoh wr wkh JD/ exw lw lv frpprq nqrzohgjh wkdw
lw lv gudzq iurp wkh lqwhuydo � @ ��> �� zlwk d fxpxodwlyh glvwulexwlrq ixqfwlrq
I +�, dqg d ghqvlw| ixqfwlrq i +�,1 Wkh ghqvlw| ixqfwlrq lv dvvxphg wr eh vwulfwo|
srvlwlyh rq wkh vxssruw �1 Pruhryhu/ i +�, vdwlv�hv wkh uhjxodulw| frqglwlrqv �
vxfk wkdw � � ��� �O���O�6� �O�A�� � � 31

Furs |lhog wr wkh odqgkroghu lv uhsuhvhqwhg e|
+4� y,\ �D� d> �� +4,

zkhuh D�d lv wkh vxuidfh fxowlydwhg/ � lv wkh odqg w|sh dqg y lv d udqgrp vkrfn/
vxfk dv wkh suhvhqfh ri shuvlvwhqw zhhgv ru shvwv/ zklfk pd| qhjdwlyho| d�hfw
wkh |lhog1 L dvvxph wkdw y ehorqjv wr wkh vhw Y @ iy> yj zkhuh 3 � y ? y � 4
dqg lw lv htxdo wr y ru y zlwk suredelolw| t dqg 4 � t uhvshfwlyho|1 Wkhuhiruh/
wkh h{shfwhg furs |lhog lv

t +4� y,\ �D� d> ��. +4� t, +4� y,\ �D� d> ��
@ ^4� y . t +y � y,`\ �D� d> �� +5,

Dvvxph \ � A 3/ \ �O� ? 3/ \ � A 3 dqg \ ��� A 3 +\ � @ C\@C �D� d� > \ � @
C\@C�> \ �O� @ C � \@C+D� d, � > \ ��� @ C � \@C+D� d,�,1 Wkdw lv/ wkh surgxfwlrq
lv lqfuhdvlqj dqg frqfdyh lq xqlwv ri odqg frqyhuwhg dqg lqfuhdvlqj lq �= Wkh
pdujlqdo surgxfw/ \ � / lv dovr lqfuhdvlqj lq odqg w|sh1

Lq wkh devhqfh ri d FS/ wkh h{shfwhg sur�wv wr hdfk odqgkroghu*v D�d xqlwv
ri odqg duh uhsuhvhqwhg e|
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� �D� d> �� @ s ^4� y . t +y � y,`\ �D� d> ��� f �D� d� +6,
zkhuh s lv wkh sulfh ri wkh surgxfw dqg f lv wkh sulydwh frvw iru frqyhuwlqj d xqlw
ri odqg/ l1h1 wkh frvw ri fohdulqj wkh qhz sorw dqg vhwwoh lw1

Dvvxph dovr wkdw wkh odqgkroghu gr qrw frqyhuw doo wkh dydlodeoh odqg hyhq
zlwkrxw vljqlqj d frqvhuydwlrq frqwudfw +d A 3, = Khqfh/ wkh frqvwudlqw rq odqg
dydlodelolw| lv qrq elqglqj � 1

Lq wklv vlwxdwlrq/ hdfk odqgkroghu pd{lpl}hv khu h{shfwhg uhqwv zlwk uhvshfw
wr wkh frqyhuwhg vxuidfh +D� d,

pd{ m¡m¢ �
�D� d> �� @ s ^4� y . t +y � y,`\ �D� d> ��� f �D� d�

Uhduudqjlqj wkh �uvw rughu frqglwlrq +khuhlqdiwhu/ irf,
s ^4� y . t +y � y,`\ � �D� d> �� @ f +7,

lw iroorzv wkdw
\ � �D� d> �� @ f

s ^4� y . t +y � y,`
Wkdw lv/ htxdolvlqj khu h{shfwhg pdujlqdo odqg surgxfwlylw| zlwk khu sulydwh
frvw ri frqyhuwlqj/ wkh odqgkroghu rswlpdoo| gh�qhv wkh vxuidfh wr eh fxowlydwhg1
Jlyhq wkh dvvxpswlrqv rq \ �D� d> �� wkhq wkh vxuidfh frqyhuwhg lqfuhdvhv dv
wkh sulydwh frvw ri frqyhuwlqj/ f@s/ ghfuhdvhv dqg2ru wkh h{shfwdwlrqv rq wkh furs
|lhog/ ^4� y . t +y � y,`/ lqfuhdvh1 H{shfwdwlrqv ghshqg rq wkh lpsruwdqfh ri
wkh h{rjhqrxv vkrfn dqg lwv olnholkrrg1

Ghqrwh wkh rswlpdo vxuidfh e| D�ed +�, dqg vxevwlwxwlqj lw lqwr wkh h{shfwhg
sur�w ixqfwlrq rqh pd| gh�qh wkh rswlpdo ohyho ri h{shfwhg sur�w dv

� �D� ed +�, > �� @ s ^4� y . t +y � y,`\ �D� ed +�, > ��� f �D� ed +�,� +8,
Li d FS lv sursrvhg wkhq wkh djhqf| dqqrxqfhv dqg frpplwv lwvhoi wr d yroxqwdu|
frqwudfw vfkhgxoh i^d +�, > W +�,` > � � � � �j/ zkhuh d +�, lv wkh vxuidfh wr eh
frqvhuyhg dqg W +�, lv wkh wudqvihu sdlg wr d odqgkroghu uhsruwlqj odqg w|sh �1
Li wkh odqgkroghu dffhswv wkh frqwudfw wkhq khu h{shfwhg surjudp uhqwv duh

� �D� d +�, > �� @ � �D� d +�, > ��. W +�, +9,
@ s ^4� y . t +y � y,`\ �D� d +�, > ��� f �D� d +�,�. W +�,

Wkh djhqf|*v remhfwlyh o�£ lv wkh pd{lpl}dwlrq ri wkh vrfldo vxusoxv/ Z> zlwk
uhvshfw wr wkh sdlu ^d +�, > W +�,`1 Vrfldo vxusoxv lv gh�qhg dv
¤ P2���I�����b-+� ���n�(�S� ��`/�����	� "���-�' ������HI��' �I����
#���	�m��� �	���="�������� �	�A"�����
��	�	��� ������������"�������������=�SH��m"���
�����n�SH��!"����+0����	
	� �����i,�
��&,����	����"����i�	��� �f��wV�	���+�&���G' �����b?}`/�����	H����m��
	���"��m�	��\�!"�����
	� �I�������f� 
&H�� R� ���@�	H��!' �����f� 
 R � �SHf����
	���"��m�	�=�SH��!������5����	
�?u	¥ `/' �SH���,���H=�SH��&�������I"�1�� ��"���
#�_���������	
�-+� �#"�����0V� � R �SH��m�:,�' �S� �2����������������\�' ���¦��
#�8
	� �I��' ���A�������+�������\�' ���Q�	������(�	�������	� ����
�?
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Z @ E +d +�,,� +4 . �,W +�, . � �D� d +�, > �� +:,
zkhuh � lv wkh vkdgrz frvw ri sxeolf ixqgv o(o 1 Wkh ixqfwlrq E +d +�,, uhsuhvhqwv
wkh vrfldo ehqh�w ghulyhg iurp wkh suhvhuydwlrq ri d +�, xqlwv ri odqg1 L dvvxph
wkdw E +d +�,, lv lqfuhdvlqj dqg vwulfwo| frqfdyh lq lwv dujxphqw dqg wkdw � A 31

515 Ixoo Lqirupdwlrq Doorfdwlrq
L prgho wkh FS dv d phfkdqlvp ghvljq sureohp1 Dv vwdqgdug lq wkh olwhudwxuh
L �uvw gh�qh wkh surshuwlhv ri wkh frpsohwh lqirupdwlrq doorfdwlrq lq rughu wr
uhihu wr wklv fdvh dv d ehqfkpdun1 Lq wkh �uvw ehvw vlwxdwlrq wkh lqirupdwlrq
lv frpsohwh dqg wkh djhqf| nqrzv hdfk odqgkroghu*v w|sh1 Khqfh/ wkh djhqf|*v
sureohp fdq eh irupdoo| vwdwhg dv=

pd{¢ � �(�	§ ¨m� �O� Z @ E +d +�,,� +4 . �,W +�, . � �D� d +�, > �� +;,
v=w=

� �D� d +�, > �� � � �D� ed +�, > ��
d +�, � ed +�, iru doo � 5 ��> ��

Wkh �uvw frqvwudlqw lv wkh lqglylgxdo udwlrqdolw| frqvwudlqw +khuhlqdiwhu/ LUF,
dqg lw hqvxuhv yroxqwdu| sduwlflsdwlrq wr wkh surjudp1 Wklv frqvwudlqw jxdudq0
whhv wkdw wkh odqgkroghuv duh dw ohdvw dv zhoo r� dffhswlqj wkh frqwudfw dv qrw
dffhswlqj lw1 Wkh odqgkroghu*v sduwlflsdwlrq frqvwudlqw lv w|sh0ghshqghqw dv wkh
uhwxuq vkh zrxog hduq qrw sduwlflsdwlqj wr wkh surjudp lv uhodwhg wr wkh surgxf0
wlylw| ri khu rzq sorw1 Wkh vhfrqg frqvwudlqw lv lqwurgxfhg wr jxdudqwhh wkdw
wkh odqgkroghuv frqvhuyh dw ohdvw wkh vdph vxuidfh ri odqg wkdw wkh| zrxog kdyh
frqvhuyhg zlwkrxw frqwudfw1 Qrw lqwurgxflqj wklv frqvwudlqw/ wkh FS/ uhod{lqj
odqgkroghu*v �qdqfldo frqvwudlqwv wkurxjk wkh wudqvihu/ frxog hqg xs surylglqj
lqfhqwlyhv wr frqyhuw pruh odqg1 Khuhlqdiwhu/ L zloo uhihu wr wklv frqvwudlqw dv
wkh shuyhuvh lqfhqwlyh frqvwudlqw +SLF,1

Sursrvlwlrq 4 Zlwk ixoo lqirupdwlrq/ wkh vxuidfh doorfdwhg wr djulfxowxuh
zlwklq wkh surjudp lv ohvv wkdq zlwkrxw wkh surjudp iru hyhu| � 5 ��> ��1

Vhh dsshqgl{ D14 iru wkh surri1
Iurp wkh �uvw rughu frqglwlrq ri wkh pd{lpl}dwlrq sureohp lw frphv rxw

wkdw li d +�, @ d �m© +�, wkh iroorzlqj uhodwlrq pxvw krog li

s ^4� y . t +y � y,`\ � �D� d +�, > �� @ f. E ª +d +�,,
+4 . �, +<,

Wkh djhqf| pd{lpl}hv lwv remhfwlyh ixqfwlrq zlwk uhvshfw wr d +�, zkhq dffhsw0
lqj wkh frqwudfw wkh odqgkroghu htxdol}hv khu h{shfwhg odqg pdujlqdo surgxfwly0
lw| zlwk khu sulydwh frvw ri fohdulqj odqg soxv wkh qhjdwlyh h{whuqdolw| jhqhudwhgu�u PA�:"�����\�_� ���	�������	���S������' 
	�T��
:�T�n�����	�������_�8,I' �S� �I' � ���8�����	��"SH����U�	�f�SH��_����0+���	���������:\I,��������"����I
i�S����� ���O?@P2�/"���,I' �T����«���"��&�	H��8�6��' � �S� "���'n"���
i�����Z����� 
	� �����	��wV��
/���m�SH��8��������� ����'n������� R ��� ��H��/' ��
	
� �	��� z ��� 
i�S�����	� ��������1I|#�S�(wV�(�S� ���b?

9



e| frqyhuwlqj odqg1 Wkh vxuidfh frqyhuwhg vwloo ghshqgv rq wkh sulydwh fohdulqj
frvw dqg rq wkh h{shfwdwlrqv lq whupv ri furs |lhog1 Wkh ulvn lq wkh surgxf0
wlrq fdq kdyh lpsruwdqw frqvhtxhqfhv lq odqgkroghu ghflvlrqv dqg lw kdv wr eh
frqvlghuhg zkhq d FS lv ghvljqhg1 Lqwhuqdol}lqj wkh vrfldo frvw ri khu dfwlrq
wkh odqgkroghu uhgxfhv wkh vxuidfh ri odqg frqyhuwhg1 Lq +<, wkh pdujlqdo vrfldo
ehqh�w iurp frqvhuylqj lv dgmxvwhg e| +4 . �, dqg wklv uh hfwv wkh h{lvwhqfh ri
d wudgh r� ehwzhhq wkh frvw ri udlvlqj ixqgv iru wkh sd|phqwv dqg wkh pdujlqdo
ehqh�w iurp frqvhuydwlrq1 Lq idfw/ dv � lqfuhdvhv wkh vxuidfh fxowlydwhg lv odujhu
dqg ohvv frqvhuydwlrq lv dfklhyhg1

Wkh wudqvihu lv sdlg wr hdfk odqgrzqhu dffruglqjo| wr khu w|sh dqg lv jlyhq
e|

W �m© +�, @ � �D� ed +�, > ��� � �D� d �m© +�, > �� +43,

6 PHFKDQLVPVXQGHU LQFHQWLYHFRP0
SDWLELOLW\

Wkh JD frpplwv lwvhoi wr d yroxqwdu| frqwudfw i^d +�, > W +�,` > � � � � �j1 Wkh
odqgkroghuv kdyh pruh lqirupdwlrq derxw wkhlu w|sh wkdq wkh JD1 Wkh uhjxodwru
rqo| nqrzv wkh glvwulexwlrq ri �> I +�,1 Wkh frqwh{w lv fkdudfwhul}hg e| wkh
suhvhqfh ri dq dgyhuvh vhohfwlrq sureohp exw dovr prudo kd}dug lvvxhv frxog
dulvh +Jrhvfko dqg Olq/ 5337,1 Dvvxph wkdw wkh djhqf| shuihfwo| hqirufhv wkh
frqwudfw rqfh dffhswhg dqg irfxvhv rqo| rq wkh �uvw sureohp1 Wkh sduwlflsdwlrq
lv yroxqwdu| dqg diwhu revhuylqj wkh frqwudfw vfkhgxoh sursrvhg/ hdfk odqgkroghu
fkrrvhv zkhwkhu wr dffhsw ru qrw wkh frqwudfw1 Li vkh dffhswv/ vkh uhyhdov khu
w|sh/ �/ wr wkh djhqf| dqg kdv wr frqvhuyh d+�,1

Wkh odqgkroghu*v lqirupdwlrqdo dgydqwdjh ryhu wkh djhqf| pd| jhqhudwh d
srvlwlyh lqirupdwlrq uhqw/ zklfk frxog jlyh khu wkh lqfhqwlyh wr plplf khu w|sh1
Khqfh/ wkh djhqf| pxvw ghvljq d frqwudfw vfkhgxoh vxfk wkdw iru hdfk odqg0
kroghu lw lv rswlpdo wr uhsruw wkh odqg w|sh wuxwkixoo| o�p 1 Lq wkh olwhudwxuh/ wklv
frqvwudlqw lv nqrzq dv wkh vhoi0vhohfwlrq ru lqfhqwlyh frpsdwlelolw| frqvwudlqw
+khuhlqdiwhu/ LFF,1

Li w|sh0� odqgkroghuv fkrrvh wkh vfkhgxoh lqwhqghg iru w|sh0h� odqgkroghuv/
^d+h�,> W +h�,`/ wkhlu h{shfwhg surjudp uhqwv duh

�+D�d+h�,> �, @ s ^4� y . t +y � y,`\
�
D� d+h�,> ���f�D� d+h�,�.W +h�, +44,

Lqvwhdg/ li wkh| fkrrvh wkh vfkhgxoh lqwhqghg iru wkhp/ ^d+�,> W +�,` >wkhlu sur0
judp uhqwv duh
u y P2�%���I��� �S� ���3�	�B\6�T0���' ,����S����1e�	H�����YF����"SH����I� 
	�¬�:,�
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� �D� d +�, > �� @ s ^4� y . t +y � y,`\ �D� d+�,> ��� f �D� d+�,�. W +�,
+45,

D frqwudfw vfkhgxoh i^d +�, > W +�,` > � � � � �j vdwlv�hv wkh LFF li dqg rqo| li
� �D� d +�, > �� � �+D� d+h�,> �,> iru doo � dqg h� 5 ��> �� +46,

Wkdw lv/ w|sh0� odqgkroghuv dozd|v suhihu ^d +�, > W +�,` wr doo rwkhu rswlrqv dydlo0
deoh lq wkh frqwudfwv phqx1

Wr hqvxuh yroxqwdu| sduwlflsdwlrq wkh frqwudfw vfkhgxoh vkrxog dovr vdwlvi|
wkh LUF=

� �D� d +�, > �� � � �D� ed +�, > �� +47,
Lw iroorzv=

Sursrvlwlrq 5 D FS lv ihdvleoh li lw vdwlv�hv erwk wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqw dqg wkh lqglylgxdo udwlrqdolw| frqvwudlqw1

Wkh djhqf|*v sureohp fdq qrz eh irupdoo| vwdwhg dv

pd{¢ � �O�	§ ¨m� �(� H � ^Z ` @
] �
� ^E +d +�,, . � �D� d+�,> ��� �W +�,`i +�,g�

v=w=
� �D� d +�, > �� � � �D� ed +�, > ��
� �D� d +�, > �� � �+D� d+h�,> �,

d +�, � ed +�, iru doo � 5 ��> �� +48,

614 Dqdo|vlv ri wkh phfkdqlvp
Wr fkdudfwhul}h wkh rswlpdo phfkdqlvp iru FS/ ohw ph vwdwh wkuhh ohppdv +vhh
wkh dsshqgl{ iru wkh surriv,1 Ohppd 4 dqg 5 uhduudqjh uhvshfwlyho| wkh LFF
dqg wkh LUF dqg ohppd 6 sursrvhv d uhirupxodwlrq ri wkh djhqf|*v sureohp1
Ohppd 4 D frqwudfw vfkhgxoh i^d +�, > W +�,` > � � � � �j lv lqfhqwlyh frpsdwl0
eoh li dqg rqo| li

+d, d ª +�, � 3
+e, W ª +�, @ �s ^4� y . t +y � y,`\ � �D� d +�, > �� � f�d ª +�,
Frqglwlrqv +d, dqg +e, uhsuhvhqwv wkh orfdo lqfhqwlyh frqvwudlqwv/ zklfk jxdu0

dqwhh wkdw wkh odqgkroghu grhv qrw olh orfdoo|1 Lq wkh dsshqgl{ L vkrz wkdw wkh
odqgkroghu grhv qrw zdqw wr olh joredoo| hlwkhu dqg wkdw orfdo lqfhqwlyh frq0
vwudlqwv lpso| dovr joredo lqfhqwlyh frqvwudlqwv1 Khqfh/ wkh LFF lq +46, uhgxfhv
wr d gl�huhqwldo htxdwlrq +d, dqg wr d prqrwrqlflw| frqvwudlqw +e,/ zklfk frp0
sohwho| fkdudfwhul}h d wuxwkixo gluhfw uhyhodwlrq phfkdqlvp1

Li frqglwlrq +d, krogv wkh lqfhqwlyh frpsdwleoh surjudp lv/ lq sudfwlfh/ dvnlqj
wr frqvhuyh pruh xqlwv ri odqg zkhuh odqg surgxfwlylw| lv orz1

;



Zlwkrxw FS wkh odqgkroghuv fkrrvh wkh odqg doorfdwlrq dffruglqj wr wkh
uxoh \ � �D� d> �� @ ±² � � ¡ ³+´mµ � ³+¡@³ � � zkloh zlwklq FS wkh| ghflgh dffruglqj wr
\ � �D� d +�, > �� � ±² � � ¡ ³�´mµ � ³+¡@³ �A� 1 Frqglwlrq +e, zrxog wkhq lpso| W ª +�, � 31
Xqghu dq lqfhqwlyh frpsdwleoh surjudp wkh JD vkrxog uhgxfh wrwdo wudqvihuv
dv odqg txdolw| lqfuhdvhv ehfdxvh rwkhuzlvh orz w|sh odqgkroghuv zrxog kdyh dq
lqfhqwlyh wr uhsruw d kljk w|sh lq rughu wr doorfdwh pruh odqg wr djulfxowxuh dqg
eh hqwlwohg wr d odujhu wudqvihu1 Wkh odqgkroghuv zkr zdqw wr plplf kljk odqg
txdolw| idfh wkhq wkh wudgh r� ehwzhhq lqfuhdvh lq frqyhuwhg odqg dqg ghfuhdvh
lq wudqvihuv1

Hyhq li wkh wrwdo wudqvihu ghfuhdvhv zlwk wkh odqg txdolw|/ wkh kljk w|sh
odqgkroghuv pxvw hqg xs hduqlqj odujhu wrwdo uhqwv rwkhuzlvh wkh| zrxog kdyh
lqfhqwlyh wr uhsruw d orzhu w|sh nqrzlqj wkdw hyhq fxowlydwlqj ohvv wkhlu odqg lv
pruh surgxfwlyh wkdq uhsruwhg +vhh dsshqgl{ D16,1
Ohppd 5 Iru dq| lqfhqwlyh frpsdwleoh surjudp/ wkh lqglylgxdo udwlrqdolw| frq0
vwudlqw lv vdwlv�hg zkhq

� �D� d ��� > ��� � �D� ed ��� > �� � 3 +49,
Wkxv/ jlyhq wkh LFF/ wkh LUF zloo krog zkhq wkh rzqhuv ri wrs txdolw|

odqg duh qrw zruvh r� xqghu wkh FS1 Dv orqj dv wkh| dffhsw dovr doo wkh rwkhu
odqgkroghuv zloo dffhsw wkh frqwudfw1

Sursrvlwlrq 6 D FS lv ihdvleoh li lw vdwlv�hv frqglwlrqv +d, dqg +e, ri ohppd
4 dqg frqglwlrq +49, lq ohppd 51
Ohppd 6 Wkh JD*v sureohp lq htxdwlrq +48, fdq eh uhvwdwhg dv iroorzv=

d,

pd{¢ � �(�
] �
� � ^d +�, > �` i +�,g� +4:,

v=w=
d ª +�, � 3
d +�, � ed +�,

zkhuh
� ^d +�, > �` @ E +d +�,,

+4 . �, ^4� y . t +y � y,` . s\ �D� d +�, > ��.
� f �D� d +�,�
^4� y . t +y � y,` .

�
+4 . �,s\ �

�D� d+�,> �� I +�,
i +�,

e, Jlyhq wkh rswlpdo doorfdwlrq vfkhgxoh/ d ¶ © +�,/ ghulyhg iurp +4:,/ wkh
rswlpdo wudqvihu vfkhgxoh/ W ¶ © +�,/ lv gh�qhg e|

W ¶ © +�, @ W ¶ © +�,�
] �
�
�s ^4� y . t +y � y,`\ � �D� d ¶ © +�, > �� � f� d ¶ © ª +�,g�

+4;,
zkhuh W ¶ © +�, lv fkrvhq wr plqlpl}h wkh wudqvihu vxfk wkdw +49, krogv1

<



615 Surshuwlhv ri wkh rswlpdo frqwudfw vfkhgxoh
Wkh sureohp lq +48, pd| eh vroyhg lq wkuhh vwhsv1 Dw �uvw/ ghwhuplqh d ¶ © +�,
vroylqj wkh sureohp lq +4:,1 Vhfrqg/ plqlpl}h � �D� d ¶ © ��� > �� vxemhfw wr
+49, zlwk uhvshfw wr W +�,1 Wklug/ vxevwlwxwh d ¶ © +�, dqg W ¶ © +�, lq +4;, dqg
frpsxwh wkh rswlpdo wudqvihu vfkhgxoh1

61514 Shuyhuvh Lqfhqwlyh Frqvwudlqw
Ljqruh iru wkh prphqw wkh prqrwrqlflw| frqvwudlqw dqg irfxv rq wkh lpsdfw ri
wkh SLF1 Wkh sureohp lv wkhq htxlydohqw wr wkh pd{lpl}dwlrq ri wkh iroorzlqj
Odjudqjldq=

O @
] �
� � ^d +�, > �` i +�,g� . ! +�, +d +�,� ed +�,,

Qhfhvvdu| frqglwlrqv iru dq rswlpxp xqghu lqfrpsohwh lqirupdwlrq lqfoxgh=

CO
Cd +�, @ E ª +d +�,,

+4 . �, ^4� y . t +y � y,` � s\ � �D� d +�, > ��. f
^4� y . t +y � y,`.

� �
+4 . �,s\ ���

�D� d +�, > �� I +�,
i +�, . ! +�, @ 3 +NW=4,

! +�, +d +�,� ed +�,, @ 3> ! +�, � 3 +NW=5,
Frqvlghu dq lqwhuydo ^� � > � � ` � ��> �� zlwk � � ? � � = Qrz/ vxssrvh d +�, @ ed +�,
dqg ! +�, A 3=Vxevwlwxwlqj +8, lqwr +NW=4,

! +�, @ � E ª +ed +�,,
+4 . �, ^4� y . t +y � y,` .

�
+4 . �,s\ ���

�D� ed +�, > �� I +�,
i +�, +4<,

Qrwh wkdw zkhq � @ �/ I +�, @ 3 dqg frqvlghulqj wkdw E ª +d +�,, A 3 e| dvvxps0
wlrq

! +�, @ � E ª +ed +�,,
+4 . �, ^4� y . t +y � y,` ? 3

Wklv uhvxow frqwudglfwv wkh dvvxpswlrq dqg wkhq dw ohdvw iru � @ �/ ! +�, pxvw eh
qxoo dqg wkh frqvwudlqw lv qrw elqglqj1 Khqfh/ odqgkroghuv zlwk wkh orzhvw w|sh
odqg frqvhuyh pruh wkdq wkh| zrxog kdyh grqh zlwkrxw frqwudfw1 Lw iroorzv wkdw
� ? � � 1 Wr dqdo|}h zkdw kdsshqv lq wkh uhvw ri wkh lqwhuydo rqh frxog vwxg| wkh
ghulydwlyh ri ! +�,
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! ª +�, @ � E ª ª +ed +�,,
+4 . �, ^4� y . t +y � y,`ed ª +�,. +53,

� �
+4 . �,

�
s\ �(��� �D� ed +�, > �� I +�,

i +�, ed ª +�,� s\ ���O� �D� ed +�, > �� I +�,
i +�, .

�s\ ��� �D� ed +�, > �� C ^I +�, @i +�,`
C�

�

Zlwkrxw dq| lqirupdwlrq rq wkh vkdsh ri wkh ixqfwlrqv wkh ghulydwlyh fdq wdnh
erwk vljqv dqg wkhq wkh SLF fdq eh elqglqj iru fhuwdlq � rq wkh lqwhuydo dvvxphg1

Iurp +4<, ! +�, � 3 li

�s ^4� y . t +y � y,`\ ��� �D� ed +�, > �� I +�,
i +�, � E ª +ed +�,, +54,

Wkdw lv/ li wkh pdujlqdo frvw ri lqirupdwlrq +OKV, lv juhdwhu wkhq wkh pdujlqdo
ehqh�w iurp frqvhuydwlrq +UKV, wkhq wkh vxuidfh frqvhuyhg zlwklq wkh frqwudfw
lv htxdo wr wkdw zlwkrxw frqwudfw1 Li wkh lqhtxdolw| grhv qrw krog wkhq wkh
frqwudfw doorzv iru dgglwlrqdo ohyho ri frqvhuydwlrq zlwk uhvshfw wr wkh fdvh lq
zklfk wkhuh lv qr frqwudfw1 Lq wklv fdvh d +�, A ed +�, dqg ! +�, @ 3 dqg wkh
rswlpdo d +�, pxvw vdwlvi| wkh iroorzlqj frqglwlrq=

E ª +d +�,,
+4 . �, ^4� y . t +y � y,` � s\ � �D� d +�, > ��. f

^4� y . t +y � y,`.

� �
+4 . �,s\ ���

�D� d +�, > �� I +�,
i +�, @ 3 +55,

61515 Prqrwrqlflw| Frqvwudlqw
Dq rswlpdo vhfrqg ehvw surjudp uhtxluhv d ¶ © ª +�, � 31 Iluvw/ frqvlghu d ¶ © +�, @ed +�, =Lq wklv fdvh lw fdq eh suryhg wkdw rq wkh lqwhuydo ^� � > � � ` wkh prqrwrqlflw|
frqvwudlqw lv dozd|v vdwlv�hg +vhh wkh dsshqgl{ D19,1

Frqvlghu qrz d ¶ © +�, A ed +�, =Gl�huhqwldwlqj +55, dqg vroylqj iru d ¶ © ª +�, =

d ¶ © ª +�, @ ²�·¸i¹ +  @¡m¢+ºV» � �O�	§ � , ´@¼m½n¾ ¿�ÀÁ ¾ ¿�À ²�·¸i¹	¹ +  m¡m¢+º+» � �(�	§ � , ´@¼ ²V·¸i¹ +  m¡m¢+ºV» � �O�	§ � , Â+Ã ½n¾ ¿SÀAÄ Á ¾ ¿�À ÅÂ ¿Æ ©&Ç Çi� ¢ ºV» � �O�i� ´ ²V· ¸S¸ +  m¡m¢ ºV» � �O�	§ � , ´@¼@½G¾ ¿�ÀÁ ¾ ¿�À ²V· ¸S¸i¹ +  m¡m¢ ºV» � �O�	§ � ,
+56,

zkhuh $ @ 4@ +4 . �, ^4� y . t +y � y,` dqg  @ �@4 . �1
Qrwklqj kdv ehhq dvvxphg derxw wkh vljq ri \ ���O� +d+�,> �,/ \ �O��� +d+�,> �,

dqg wkhq lw lv qrw fohdu li wkh prqrwrqlflw| frqvwudlqw krogv1 Li lw grhv wkhq
i�d ¶ © +�, > W ¶ © +�,� > � � � � �j lv wkh rswlpdo vroxwlrq1 Doo w|shv fkrrvh gl�hu0
hqw doorfdwlrqv dqg exqfklqj w|shv lv qrw dq lvvxh1

Li d ¶ © ª +�, A 3 ru d ¶ © ª +�, fkdqjhv vljq rq wkh vxssruw � wkhq d ¶ © +�, lv
qrw wkh vroxwlrq1 Wkh vroxwlrq +vhh dsshqgl{ D1;,/ zklfk lqyroyhv exqfklqj
uhvshfwlyho| rq wkh zkroh vxssruw ru rq vrph lqwhuydov fdq eh ghulyhg xvlqj
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wkh Srqwu|djlq sulqflsoh +Jxhvqhulh dqg Od�rqw / 4<;7> Od�rqw dqg Pduwlpruw/
5335,1 Zkhq lw lv qrw srvvleoh wr vhsdudwh wkh w|shv/ wkh uhjxodwru pxvw nhhs
lqwr dffrxqw wkdw frqvhuydwlrq sd|phqwv frxog uhvxow lq sd|lqj wrs wudqvihuv wr
hdfk odqgrzqhu1 Lq wklv fdvh/ ohvv odqg wkdq h{shfwhg pd| eh frqvhuyhg ru wkh
frqvhuyhg xqlwv zloo eh pruh frvwo| wkdq h{shfwhg1

Lq zkdw iroorzv L dvvxph wkdw wkh prqrwrqlflw| frqvwudlqw krogv dqg L frp0
sduh wkh �uvw0ehvw fxowlydwhg vxuidfh zlwk wkh vhfrqg0ehvw rqh1 Li d +�, @ d �m© +�,
wkhq yld uhodwlrq +<,

\ � �D� d +�, > �� @ 4
s ^4� y . t +y � y,`

�
f. E ª +d +�,,

+4 . �,
�

Lqvwhdg li d +�, @ d ¶ © +�, uhduudqjlqj +55,

\ � �D� d +�, > �� @ 4
s ^4� y . t +y � y,`

�
f. E ª +d +�,,

+4 . �,
�
. +57,

� �
+4 . �,\ ���

�D� d+�,> �� I +�,
i +�,

Jlyhq wkh dvvxpswlrqv rq \ �D� d +�, > �� wkh iroorzlqj uhodwlrq krogv
d �m© +�, � d ¶ © +�,;� 5 � @ ��> �� +58,

Sursrvlwlrq 7 Xqghu dv|pphwulf lqirupdwlrq/ wkh vxuidfh doorfdwhg wr djul0
fxowxuh zlwklq wkh surjudp lv qhyhu ohvv wkdq xqghu v|pphwulf lqirupdwlrq1

Wklv glvwruwlrq lv gxh wr wkh suhvhqfh ri wkh idfwru
�

+4 . �,\ ���
�D� d+�,> �� I +�,

i +�,
Wklv whup uhsuhvhqwv wkh h�hfw ri wkh lqirupdwlrq uhqw wkdw pxvw eh sdlg

wr odqgkroghuv lq rughu wr jlyh wkhp dssursuldwh lqfhqwlyhv wr wuxwkixoo| uhsruw
wkhlu w|sh1 Wkh vfkhph sursrvhg ghfuhdvhv wkh vxuidfh ri odqg frqvhuyhg e|
kljkhu odqg w|sh kroghuv wr uhgxfh wkh lqirupdwlrq uhqwv sdlg wr wkh orzhu odqg
w|sh kroghuv1 Qrwh wkdw wkhuh lv qr glvwruwlrq rqo| iru wkh odqgkroghuv zkr rzq
wkh orzhvw w|sh odqg +vlqfh I +�, @ 3,1
61516 Wudqvihuv
Dv suryhg deryh li wkh SLF lv elqglqj wkh frqwudfw sursrvhg lv vhsdudwlqj1
Doo odqgkroghuv zkr frqvhuyh ed +�, zlwklq wkh frqwudfw uhfhlyh wkh vdph sd|0
phqw +vhh dsshqgl{ D19,1 Li odqgkroghuv zkrvh odqg w|sh lv � frqvhuyh ed ���
wkhq doo wkh odqgkroghuv zkrvh w|sh olhv lq wkh lqwhuydo �� � > �� zlwklq zklfk
d +�, @ ed +�, >zloo qrw eh hqwlwohg wr dq| wudqvihu1 Lqvwhdg li ^� � > � � ` lv vwulfwo|
lqfoxghg lq ��> �� wkhq doo wkh odqgkroghuv od|lqj lq wkdw lqwhuydo zloo uhfhlyh
wkh vdph wudqvihu fdofxodwhg rq � � 1 Lq wklv fdvh wkh odqgkroghuv duh sdlg exw
wkh| gr qrw prgli| wkhlu doorfdwlyh fkrlfh1 Dgglqj wkh SLF wr wkh pd{lpl}dwlrq
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sureohp jxdudqwhhv dw ohdvw wkdw odqgkroghuv zloo qrw xvh wkh wudqvihu lq rughu wr
frqyhuw pruh odqg/ jlyhq wkdw wkhlu exgjhw frqvwudlqwv duh ohvv elqglqj1 Wkhlu
frpshqvdwlrq lv wkhq pdlqo| gxh wr wkh idfw wkdw dw ohdvw wkh| duh uhyhdolqj
wkhlu w|sh1

Zkhq wkh SLF lv qrw elqglqj dqg wkh prqrwrqlflw| frqvwudlqw krogv wkh
wudqvihuv fdq eh frpsxwhg vlpso| vxevwlwxwlqj d ¶ © ��� dqg d ¶ © +�, lqwr +4;,1
61517 Ixuwkhu glvfxvvlrq dqg frpsdulvrq zlwk SVD surjudp
Wkh SVD surjudp doorzv wr dq| odqgrzqhu wr sduwlflsdwh dqg wr eh sdlg d �{hg
dprxqw/ W 2kd2|hdu1 Wkh JD �{hv W lq rughu wr dwwudfw orzhu rssruwxqlw| frvw
odqg1 Lq rughu wr frpsduh wkh SVD surjudp zlwk wkh surjudp L kdyh sursrvhg
lq wkh suhylrxv vhfwlrqv/ vxssrvh wkdw wkh JD lv lqwhuhvwhg lq ghyhorslqj wkh
surjudp lq wkrvh odqgv zkhuh � � � � �= Wkh SVD surjudp lv htxlydohqw wr
r�hulqj wkh iroorzlqj frqwudfw vfkhgxoh= i�d +�, > W � d +�,� > � � � � �j zkhuh
d +�, lv wkh vxuidfh wkdw wkh odqgkroghuv yroxqwdulo| ghflghv wr frqvhuyh xqghu
wkh surjudp1 Lw fdq eh vkrzq wkdw wklv frqwudfw vfkhgxoh lv ihdvleoh lq wkdw lw
vdwlv�hv wkh LUF dqg lv vhoi0vhohfwlqj +vhh dsshqgl{ D1:,1 Lw iroorzv

Sursrvlwlrq 8 Frpsduhg zlwk wkh SVD surjudp/ wkh rswlpdo surjudp lq0
fuhdvhv vrfldo vxusoxv iurp djulfxowxudo surgxfwlrq dqg elrglyhuvlw| frqvhuyd0
wlrq1

Vlqfh wkh surjudp i�d ¶ © +�, > W ¶ © +�,� > � � � � �j lv wkh rswlpdo ru ehvw
ihdvleoh frqwudfw vfkhgxoh/ vrfldo vxusoxv fdqqrw eh orzhu xqghu wklv surjudp
wkdq xqghu wkh SVD surjudp1 Lq idfw/ zkhq dq| sd|phqw lv pdgh lq h{fkdqjh
iru elrglyhuvlw| frqvhuydwlrq/ vrfldo vxusoxv zloo eh juhdwhu xqghu wkh rswlpdo
surjudp ehfdxvh lw lv wkh xqltxh vroxwlrq wr wkh JD*v pd{lpl}dwlrq sureohp1

7 D SDUDPHWULF H[DPSOH
D JD wkdw zdqwv wr lpsohphqw wkh yroxqwdu| frqvhuydwlrq vfkhph sursrvhg
qhhgv vshfl�f lqirupdwlrq o�q dqg lwv delolw| lq uhgxflqj wkh frvw gxh wr wkh sd|0
phqw ri lqirupdwlrq uhqwv uholhv rq wkh lqirupdwlrq zklfk lw fdq froohfw1

Nqrzlqj wkh sulydwh uhqw ixqfwlrq/ wkh srvvleoh vkrfn rxwfrphv dqg wkhlu
suredelolw| dqg wkh glvwulexwlrq ri w|shv lv wkh edvlf vhw ri lqirupdwlrq wkdw wkh
uhjxodwru qhhgv wr gh�qh wkh odqgkroghu*v lqfhqwlyh frpsdwlelolw|/ lqglylgxdo
udwlrqdolw| dqg shuyhuvh lqfhqwlyhv frqvwudlqwv1

Ohw ph qrz looxvwudwh wkh fkdudfwhulvwlfv ri wkh phfkdqlvp xqghu lqfhq0
wlyh frpsdwlelolw| e| xvlqj dq h{dpsoh1 Uhsuhvhqw wkh vrfldo ehqh�w ixqfwlrq
e| E+d, @ �d � ¢ ¹

� / wkh djulfxowxudo surgxfwlrq ixqfwlrq e| \ +D � d> �, @�D� d� � � +  m¡m¢ , ¹� / zkhuh � A d/ � A D � d dqg � � D . ±² � � ¡ ³�´mµ � ³+¡@³ �A� 1 Wkh
suredelolw| glvwulexwlrq ixqfwlrq ri � lv d xqlirup glvwulexwlrq ixqfwlrq dqg wkhq
I +�, @ � ¡ �� ¡ � > i +�, @ �� ¡ � =
u ~ EmH��:� ����' �������+�	�(�S� ���T�	���+,I� �	��
/� ��� ���������	� ���T��\��,V�O�@�	H��:
��	�	,�"��S,��	�8���Z�	H��:' ������HI��' �I����¯ 
/�I����g��� ,��I"��	� ���n-I�	H��:
��V"�� ��'G\������gV�/� ,���"��	� ���b-I�	H��:"���
i�����}����� 
	� ���_��������1�-I�SH��8��� 
��	�	� \I,V�	� ���T���G�i1V���
/�����

R � �SH��	��
	���"��m�	�=�SH��!
	H��+"S56-V�	H��!
	���&���G���
	
	� \I' �!��,V�S"����=��
m���I�^�SH���� �m���	��\���\�� ' � �i1�?
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Zlwkrxw dq| FS/ wkh dprxqw ri odqg frqvhuyhg lv
ed+�, @ D� � . f

sn
zkhuh n @ ^4� y . t +y � y,` =
Zlwk FS lq sodfh/ �uvw ehvw doorfdwlrqv duh jlyhq e|

d �m© +�, @ �D� �� +4 . �, sn
4 . +4 . �, sn . �

4 . +4 . �, sn . f +4 . �,
4 . +4 . �, sn

W �m© +�, @ �ed+�,� d �m© +�,�
%
sn �D� ��� f

�ed+�, . d �m© +�,�
5

&

Dv suryhg deryh wkh SLF lv qrw elqglqj iru ixoo lqirupdwlrq doorfdwlrqv1
Qrz/ dvvxph wkdw SLF lv qrq elqglqj +d ¶ © +�, A ed +�,,1 Wkh prqrwrqlflw|

frqvwudlqw krogv jlyhq wkdw

d ¶ © ª +�, @ � sn +4 . 5�,
4 . sn +4 . �, � 3

Vhfrqg ehvw doorfdwlrqv duh wkhq jlyhq e|

d ¶ © +�, @ �D� �� +4 . �, sn
4 . +4 . �, sn . � 4

4 . +4 . �, sn .

.f +4 . �,
4 . +4 . �, sn � +� � �, sn�

4 . +4 . �, sn
Frpsdulqj d ¶ © +�, zlwk d �m© +�, rqh fdq vhh krz wkh dv|pphwu| ri lqirupdwlrq
jlyhv wkh odqgkroghuv wkurxjk wkh yhlo lw lpsrvhv wkh srvvlelolw| ri frqvhuylqj
ohvv odqg1 Wkh whup uhsuhvhqwlqj wkh h�hfw ri wkh lqirupdwlrq uhqw lv

� +� � �, sn�
4 . +4 . �, sn

Wkh odqg wr eh frqvhuyhg ghfuhdvhv zlwk � dqg lq wklv pdqqhu wkh rswlpdo
phfkdqlvp uhgxfh wkh dprxqw ri lqirupdwlrq uhqw wkdw vkrxog eh sdlg wr wkh orz
w|sh odqgkroghuv wr fruuhfwo| uhyhdo wkhlu w|sh1 Li � @ � wkh vxuidfh frqvhuyhg
lv dv h{shfwhg wkh �uvw ehvw rqh1 Wr ghulyh wkh wudqvihu ixqfwlrq rqh pxvw
ghwhuplqh dw �uvw W ¶ © +�,= Plqlpl}lqj � �D� d ¶ © ��� > �� vxemhfw wr +49, zlwk
uhvshfw wr W +�,/ lw iroorzv

W ¶ © +�, @ � �D� ed ��� > ��� � �D� d ¶ © ��� > ��
@ �ed+�,� d ¶ © +�,�

%
sn �D� ��� f

�ed+�, . d ¶ © +�,�
5

&

Wkh wudqvihu ixqfwlrq lv wkhq jlyhq e|
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W ¶ © +�, @ �ed+�,� d ¶ © +�,�
%
sn �D� ��� f

�ed+�, . d ¶ © +�,�
5

&
.

. sn +4 . 5�,
4 . sn +4 . �,

] �
�

�sn �� � +D� d ¶ © +�,,�� f�g�
Lw vkrxog eh qrwhg wkdw dv h{shfwhg W ¶ © Ç +�, � 3 dqg wkh frqwudfw sursrvhg

lv vhsdudwlqj1 Wkh ydoxh ri wkh lqirupdwlrq lv kljkhu iru wkrvh odqgkroghuv
zkrvh sulydwh rssruwxqlw| frvw ri frqvhuylqj odqg lv orz1 Jlyhq wkdw wkh ohyho
ri wudqvihu lv gh�qhg xvlqj wkh rssruwxqlw| frvw/ wklv w|sh ri odqgkroghuv kdyh
qr lqfhqwlyh wr uhyhdo wkhlu wuxh frvw li dq lqirupdwlrqdo uhqw lv qrw sdlg1

8 FRQFOXVLRQV
Frpshqvdwlqj odqgrzqhuv zkr surwhfw kdelwdw dqg zlogolih lv dq lghd zlwk lq0
fuhdvlqj dgyrfdwhv dprqj erwk odqgkroghuv dqg frqvhuydwlrqlvwv1 Sd|lqj odqg0
kroghuv iru qrw frqyhuwlqj odqg frxog eh vhhq dv d irup ri vrfldo zhoiduh udwkhu
wkdq ghyhorsphqw1 Krzhyhu/ wkurxjk surjudpv dv wkh SVD/ jryhuqphqwv fdq
jlyh lqfhqwlyhv iru wkh surylvlrq ri d ydoxdeoh frpprglw| dqg sursrvh elrglyhu0
vlw| frqvhuydwlrq dv dq dowhuqdwlyh odqg xvh1

Frvwd Ulfd kdv ehhq deoh wr lpsohphqw dq hoderudwh/ qdwlrqzlgh sd|phqwv
vfkhph iru hqylurqphqwdo vhuylfhv lq uhodwlyho| vkruw wlph1 Krzhyhu/ wkh SVD
surjudp pxvw ryhufrph vrph srwhqwldo zhdnqhvvhv dv wkh odfn ri wdujhwlqj dqg
wkh xvh ri xqgl�huhqwldwhg wudqvihuv o�r 1

Wklv sdshu suhvhqwv d sd|phqw vfkhph wkdw doorzv iru wkh gl�huhqwldwlrq
ri wkh sd|phqwv zlwk uhvshfw wr wkh frvw ri surylglqj hqylurqphqwdo vhuylfhv1
Frpsduhg zlwk wkh SVD surjudp/ wklv vfkhph lqfuhdvhv vrfldo vxusoxv iurp
djulfxowxudo surgxfwlrq dqg elrglyhuvlw| frqvhuydwlrq1

Wkh FS vfkhph lv ghvljqhg lq rughu wr rswlpdoo| doorfdwh wkh uhvrxufhv dydlo0
deoh dffruglqj wr wkh vrfldo vxusoxv pd{lpl}dwlrq remhfwlyh1 Wkh djulfxowxudo
surgxfwlrq lv prghoohg dv d ulvn| dfwlylw| doorzlqj iru wkh srvvlelolw| ri dq h{0
rjhqrxv vkrfn wkdw qhjdwlyho| d�hfwv wkh odqgkroghu*v furs |lhog1 Wr plqlpl}h
wkh frvw dqg pd{lpl}h wkh vxuidfh frqvhuyhg wkh fruuhfw uhyhodwlrq ri wkh rs0
sruwxqlw| frvw lv qhfhvvdu|1 Wklv qhhg dulvhv iurp wkh uhfrjqlwlrq wkdw udwlrqdo
odqgkroghuv zloo vhohfw d frqwudfw wkdw pd{lpl}hv wkh vxp ri sur�wv iurp djul0
fxowxuh dqg frqvhuydwlrq sd|phqwv1 Wkh �uvw h�hfw ri odqgkroghu udwlrqdolw| rq
wkh rswlpdo frqwudfw vfkhgxoh lv wkdw sd|phqwv pxvw lqfuhdvh dv odqgkroghuv*
doorfdwlyh fkrlfhv ehfrph pruh uhvwulfwhg> rwkhuzlvh/ wkhuh zrxog eh qr lqfhq0
wlyh wr sduwlflsdwh lq wkh surjudp1 Wkh vhfrqg h�hfw lv wkdw odqgkroghuv zkr
uhsruw wkh| kdyh kljkhu w|sh odqg pxvw eh sdlg d orzhu wudqvihu dqg doorzhg
u � EmH�� 
8� ��� ' ,�����"���,�' ��' �������	�f,����I�����A���O1V� �I��� ���!���	��� ������\�' ��' �������21����
!���!��0������A�I��1V� ���f� ���!' ��
	
������� ������\I' �^������
:�������(�S� 0+��' 1U�����"��	� ���f�SH��_"���
��:���6��"��S� 0+������
�
:���/������
	���i0(���	� ����Y#�	�����	����
 z �U����' �W@����5-I� ;�;�; |S?
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wr frqvhuyh ohvv odqg wkdq odqgkroghuv zkr uhsruw wkh| kdyh orzhu surgxfwlyh
odqg1 Rwkhuzlvh/ doo odqgkroghuv zrxog uhsruw kljk surgxfwlyh odqg dqg wkh
lqirupdwlrq uhqwv wr eh sdlg wr dyrlg plvuhsruwlqj zrxog eh wrr kljk1 Wkh vxp
ri sur�wv iurp djulfxowxuh dqg frqvhuydwlrq sd|phqwv pxvw lqfuhdvh zlwk odqg
txdolw| wr jxdudqwhh wkh yldelolw| ri wkh surjudp1

Wkh lqwurgxfwlrq ri d frqvwudlqw wkdw reoljhv wkh odqgkroghuv wr frqvhuyh
dw ohdvw zkdw wkh| zrxog frqvhuyh zlwkrxw frqwudfw doorzv frqwuroolqj iru wkh
srvvlelolw| ri jhqhudwlqj shuyhuvh lqfhqwlyhv zlwk wkh FS1 Ilqdoo|/ wkh rswlpdo
frqwudfw vfkhgxoh dovr dffrxqwv iru wkh h�hfw ri wkh frvw ri udlvlqj ixqglqj iru
wkh sd|phqwv1

D DSSHQGL[
D14 Ixoo lqirupdwlrq doorfdwlrq
Wkh odjudqjldq ri wkh pd{lpl}dwlrq sureohp lq +;, lv

O @ E +d +�,, . +4 . �,� �D� d +�, > ��� �� �D� d +�, > ��.
.� +�, �� �D� d +�, > ��� � �D� ed +�, > ���. ! +�, +d +�,� ed +�,,

zkhuh � +�, dqg ! +�, duh wkh pxowlsolhuv1 Qhfhvvdu| frqglwlrqv iru dq rswl0
pxp xqghu frpsohwh lqirupdwlrq duh

CO
Cd +�, @ E ª +d +�,,� +4 . �,�s ^4� y . t +y � y,`\ � �D� d +�, > ��� f�.

+NW14,
.+��. � +�,, C�

�D� d +�, > ��
Cd +�, . ! +�, @ 3

CO
C� �D� d +�, > �� @ ��. � +�, @ 3 +NW15,

� +�, �� �D� d +�, > ��� � �D� ed +�, > ��� @ 3> � +�, � 3 +NW16,
! +�, +d +�,� ed +�,, @ 3> ! +�, � 3 +NW17,

Iurp +NW=5,/ � +�, A 31 Wklv lpsolhv wkdw +NW=6, krogv rqo| li wkh LUF elqgv
dozd|v1 Qrz/ vxssrvh wkdw d +�, @ ed +�, dqg ! +�, � 3>vxevwlwxwlqj +NW=5, dqg
+6, lqwr +NW=4,/ lw iroorzv

! +�, @ �E ª +ed +�,, ? 3
Wklv uhvxow frqwudglfwv rxu dvvxpswlrq rq ! +�, dqg wkhq lw pxvw eh qxoo dqg wkh
vhfrqg frqvwudlqw lv dozd|v qrw elqglqj1 Vxevwlwxwlqj NW15 lqwr NW14 lw frphv
rxw wkh uhodwlrq wkdw pxvw krog wr gh�qh wkh rswlpdo frqvhuyhg vxuidfh lq �uvw
ehvw +<,1
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Iurp +6, L ghulyh wkdw zkhq d +�, @ ed +�,
\ � �D� ed +�, > �� @ f

s ^4� y . t +y � y,`
Lqvwhdg iurp +<, zkhq d +�, @ d �m© +�,

\ � �D� d �m© +�, > �� @ 4
s ^4� y . t +y � y,`

%
f. E ª �d �m© +�,�

+4 . �,
&

Jlyhq wkh surshuwlhv dvvxphg iru \ �D� d +�, > �� dqg E +d +�,, wkh iroorzlqj
uhodwlrqv krog=

\ � �D� d �m© +�, > �� A \ � �D� ed +�, > ��
D� d �m© +�, ? D� ed +�,d �m© +�,

d �m© +�, A ed +�,
D15 Ohppd 4
D frqwudfw vfkhgxoh lv lqfhqwlyh frpsdwleoh rqo| li wkh odqgkroghuv pd{lpl}h
wkhlu surjudp uhqwv e| uhyhdolqj wkhlu wuxh odqg w|sh1 Khqfh/ li i^d +�, > W +�,` > 3 �
� � 4j lv lqfhqwlyh frpsdwleoh wkhq � pxvw eh wkh vroxwlrq ri wkh iroorzlqj pd{0
lpl}dwlrq sureohp=

pd{È �
k
�
�
D� d+h�,> ��l @ s ^4� y . t +y � y,`\

�
D� d+h�,> ��.

�f
�
D� d+h�,�. W +h�, +D1514,

Li � lv wkh vroxwlrq wkhq wkh iroorzlqj �uvw dqg vhfrqg rughu frqglwlrqv pxvw
krog=
C
k
�+D� d+h�,> �,l

Ch�
������È �OÉm� @ ��s ^4� y . t +y � y,`\ � �D� d +�, > ��� f�d ª +�,.

+D1515,
.W ª +�, @ 3

C �
k
�+D� d+h�,> �,l

Ch� �
������È �OÉm� @ s ^4� y . t +y � y,`\ �O� �D� d+�,> �� d ª +�, � .

+D1516,
��s ^4� y . t +y � y,`\ � �D� d+�,> ��� f�d ª ª +�, . W ª ª +�, � 3
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Iurp +D1514, L ghulyh frqglwlrq +e, ri Ohppd 41 Wkh JD pxvw lpsrvh lq khu
frqwudfw vfkhgxoh wkdw +D1515, krogv iru hyhu| �> li lw krogv dovr lwv ghulydwlyh
zlwk uhvshfw wr � pxvw eh }hur=
s ^4� y . t +y � y,` ^\ �O� �D� d+�,> �� d ª +�,� \ ��� �D� d+�,> ��`d ª +�,. +D1517,

��s ^4� y . t +y � y,`\ � �D� d+�,> ��� f�d ª ª +�, . W ª ª +�, @ 3
Frpsdulqj +D1516, dqg +D1517,=

s ^4� y . t +y � y,`\ ��� �D� d+�,> �� d ª +�, � 3 +D1518,
Vlqfh \ ��� �D� d+�,> �� A 3 e| dvvxpswlrq dqg s ^4� y . t +y � y,` � 3 wkhq
frqglwlrq +d, iroorzv1

Qrz/ ohw ph vkrz wkdw li wkh frqwudfw vfkhgxoh vdwlv�hv +d, dqg +e, wkhq
lqfhqwlyh frpsdwlelolw| krogv1 Iru hyhu| � dqg h� 5 ��> �� >

� �D� d+�,> ����+D� d+h�,> �, � ] �
È �

C�+D� d+�,> �,
C� g� +D1519,

zkhuh
C�+D� d+�,> �,

C� @ ��s ^4� y . t +y � y,`\ � �D� d+�,> ��� f� d ª +�, . W ª +�,
+D151:,

Iurp frqglwlrq +e,/ W ª +�, @ �s ^4� y . t +y � y,`\ � �D� d +�, > �� � f�d ª +�, >
dqg vxevwlwxwlqj lw lqwr +D151:, L rewdlq=
C�+d+�,> �,

C� @ �s ^4� y . t +y � y,` �\ � �D� d+�,> ��� \ � �D� d +�, > ���d ª +�,
+D151;,

Li � 5
kh�> �l zlwk � � h� wkhq \ � �D� d+�,> �� � \ � �D� d +�, > �� � 3 vlqfh

\ ��� �D� d+�,> �� � 3 e| dvvxpswlrq1 Li Frqglwlrq +d, krogv wkhq d ª +�, � 3 dqg
wkhq zlwk � � h� wkh lqwhjudqg lq +D1519, lv qrqqhjdwlyh dqg � �D� d +�, > ���
�+D � d+h�,> �, � 3=Xvlqj wkh vdph dujxphqwv/ li � � h� wkhq wkh lqwhjudqg lq
+D1519, lv qrq srvlwlyh1 Exw frqvlghulqj wkdw lq wklv fdvh wkh lqwhjudwlrq lv grqh
edfnzdugv wkhq lw vwloo iroorzv � �D� d +�, > ����+D� d+h�,> �, � 3=

D16 Odujhu wrwdo uhqwv iru wkh kljkhu w|sh
Wklv frxog eh suryhg vwxg|lqj wkh wrwdo ghulydwlyh ri wkh surjudp uhqw ixqfwlrq
+45,=

C �� �D� d +�, > ���
C� @ � �s ^4� y . t +y � y,`\ � �D� d+�,> ��� f� d ª +�,.

+D1614,
.s ^4� y . t +y � y,`\ � �D� d+�,> ��. W ª +�,

4;



Vxevwlwxwlqj frqglwlrq +e, lqwr +D1614, dqg frqvlghulqj wkdw \ � �D� d+�,> �� A 3
lw iroorzv wkdw

C �� �D� d +�, > ���
C� @ s ^4� y . t +y � y,`\ � �D� d+�,> �� A 3 +D1615,

D17 Ohppd 5
Yld hqyhorsh wkhruhp dqg xvlqj +7,
C �� �D� ed +�, > ���

C� @ ��s ^4� y . t +y � y,`\ � �D� ed +�, > ��� f�ed ª +�,.
+D1714,

. s ^4� y . t +y � y,`\ � �D� ed +�, > ��
@ s ^4� y . t +y � y,`\ � �D� ed +�, > �� A 3

Zlwklq wkh surjudp d+�, � ed +�, = Frpsdulqj +8, zlwk +4:, dqg nqrzlqj
wkdw \ ��� �D� d+�,> �� A 3 lw iroorzv =

C �� �D� ed +�, > ���
C� � C �� �D� d +�, > ���

C� +D1715,

Wkdw lv/ � �D� d +�, > ��� � �D� ed +�, > �� lv qrq lqfuhdvlqj lq �=
Khqfh/ li � �D� d ��� > �� � � �D� ed ��� > �� � 3 wkhq � �D� d +�, > �� �

� �D� ed +�, > �� � 3 iru hyhu| � ? �1
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D18 Ohppd 6
Xvlqj frqglwlrq +e, ri ohppd 4 L fdq uhduudqjh W +�, dv iroorzv

W +�, @ W +�,�
] �
� W ª +�,g� +D1814,

@ W +�,�
] �
�
�s ^4� y . t +y � y,`\ � �D� d +�, > �� � f�d ª +�, g�

@ W +�, .
] �
�

g �s ^4� y . t +y � y,`\ �D� d +�, > ��� f �D� d +�,��
g� g�.

�
] �
� s ^4� y . t +y � y,`\ � �D� d+�,> �� g�

@ W +�, . �s ^4� y . t +y � y,`\ �D� d ��� > ��� f �D� d �����.
��s ^4� y . t +y � y,`\ �D� d +�, > ��� f �D� d +�,��.

� ^4� y . t +y � y,`
] �
� s\ � �D� d+�,> �� g�

@ � �D� d ��� > ��� �s ^4� y . t +y � y,`\ �D� d +�, > ��� f �D� d +�,��.
� ^4� y . t +y � y,`

] �
� s\ � �D� d+�,> �� g�

Vxevwlwxwlqj +D1814, lqwr +48,

H � ^Z ` @
] �
� iE +d +�,, . +4 . �, �s +4� y . t +y � y,,\ �D� d +�, > ��.

+D1815,
�f �D� d +�,��ji +�,g�.

.� ^4� y . t +y � y,`
] �
�
] �
� s\ � �D� d+�,> �� g�i +�,g� � �� �D� d ��� > ��
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Lqwhjudwlqj e| sduwv wkh odvw whup ri H � ^Z `

H � ^Z ` @
] �
� iE +d +�,, . +4 . �, �s +4� y . t +y � y,,\ �D� d +�, > ��.

�f �D� d +�,��ji +�,g�.
. � ^4� y . t +y � y,`

] �
� s\ � �D� d+�,> ��I +�,g� � �� �D� d ��� > ��

@
] �
� iE +d +�,,.+4 . �, �s +4� y . t +y � y,,\ �D� d +�, > ��� f �D� d +�,��.

. � ^4� y . t +y � y,` s\ � �D� d+�,> �� I +�,
i +�, ji +�,g� � �� �D� d ��� > ��

@ +4 . �, ^4� y . t +y � y,`
] �
� � ^d +�, > �` i +�, g� � �� �D� d ��� > ��

+D1816,
Wr pd{lpl}h +D1816, ru +4:, lv htxlydohqw=

D19 Prqrwrqlflw| frqvwudlqw dqg wudqvihuv zkhq d ÊZË E�� 'ed E��
Dq rswlpdo vhfrqg ehvw surjudp uhtxluhv d ¶ © ª +�, � 31 Iluvw/ frqvlghu d ¶ © +�, @ed +�, =Wrwdoo| gl�huhqwldwh +7,

�s ^4� y . t +y � y,` �\ �O� �D� ed +�, > ��ed ª +�,� \ ��� �D� ed +�, > ��� @ 3
Vroylqj iru ed ª +�, > lw iroorzv

ed ª +�, @ \ ��� �D� ed +�, > ��
\ �O� �D� ed +�, > �� ? 3 +D1914,

Wklv phdqv wkdw rq wkh lqwhuydo ^� � > � � ` wkh prqrwrqlflw| frqvwudlqw lv dozd|v
vdwlv�hg1

Vxevwlwxwlqj ed +�, lqwr frqglwlrq +e, ri ohppd 4
W ª +�, @ �s ^4� y . t +y � y,`\ � �D� ed +�, > �� � f�ed ª +�, @ 3

Li odqgkroghuv zkrvh odqg w|sh lv � frqvhuyh ed ��� wkhq
W ¶ © +�, @ W ¶ © +�, @ 3 +D1915,

dqg doo wkh odqgkroghuv zkrvh w|sh olhv lq wkh lqwhuydo �� � > �� zlwklq zklfk
d +�, @ ed +�, >zloo wkhq qrw eh hqwlwohg wr dq| wudqvihu1
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D1: SVD surjudp= LUF dqg LFF
Xqghu wkh SVD surjudp W +�, @ W � d +�, dqg wkh odqgkroghu yroxqwdu| fkrrvhv
wkh vxuidfh/ d +�, > vkh zdqwv wr frqvhuyh1 Lw iroorzv wkdw

� �D� d +�, > ��. W � d +�, � � �D� ed +�, > �� +D1:14,
dqg wkh LUF lv vdwlv�hg1

Li frqglwlrqv +d, dqg +e, ri ohppd 4 duh vdwlv�hg wkhq wkh SVD surjudp lv
lqfhqwlyh frpsdwleoh1 Wkh odqgkroghu*v uhqw duh jlyhq e|

� �D� d +�, > �� @ � �D� d +�, > ��. W � d +�, +D1:15,
@ s ^4� y . t +y � y,`\ �D� d +�, > ��� f �D� d +�,�. W � d +�,

Pd{lpl}lqj +D1:15, zlwk uhvshfw wr d +�, wkh odqgkroghu gh�qh wkh vxuidfh wr eh
frqvhuyhg1 Iurp wkh irf

\ � �D� d +�, > �� @ f. W
s ^4� y . t +y � y,` +D1:16,

Gl�huhqwldwlqj wrwdoo| +D1:16, dqg vroylqj iru d ª +�, =

d ª +�, @ \ ��� �D� d +�, > ��
\ �O� �D� d +�, > �� ? 3 +D1:17,

Wkdw lv/ frqglwlrq +d, ri ohppd 4 krogv1
Li W +�, @ W � d +�, wkhq W ª +�, @ W � d ª +�, = Vxevwlwxwlqj W ª +�, lqwr frq0

glwlrq +e, ri ohppd 4 wkh iroorzlqj uhodwlrq pxvw krog wr jxdudqwhh lqfhqwlyh
frpsdwlelolw|

W � d ª +�, @ �s ^4� y . t +y � y,`\ � �D� d +�, > �� � f� d ª +�, +D1:18,
Wkh uhodwlrq lv vdwlv�hg frqvlghulqj wkdw uhduudqjlqj +D1:16,

W @ s ^4� y . t +y � y,`\ � �D� d +�, > �� � f +D1:19,

D1; Exqfklqj w|shv
Exqfklqj dulvhv li wkh prqrwrqlflw| frqvwudlqw grhv qrw krog1 Wr vwxg| wklv fdvh
rqh frxog uhvwdwh wkh sureohp lq +4:, dv iroorzv

pd{¢ � �O�	§ Ìb� �(�
] �
� � ^d +�, > �` i +�,g�

v=w=
� +�, @ d ª +�, +F4,
� +�, � 3 +F5,
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zkhuh d +�, dqg � +�, duh uhvshfwlyho| wkh vwdwh yduldeoh dqg wkh frqwuro yduldeoh1
Dwwdfklqj wkh pxowlsolhu � +�, wr +F5, wkh Kdplowrqldq lv

K+d> �> �> �, @ � ^d +�, > �` i +�,� �� +D1;14,
Iurp wkh Srqwu|djlq sulqflsoh=

� ª +�, @ �CK
Cd @ �C� ^d +�, > �`

Cd +�, i +�, +D1;15,

� +�,� +�, @ 3> � +�, � 3 +D1;16,
Vxssrvh qrz wkh h{lvwhqfh ri dq lqwhuydo zkhuh wkh prqrwrqlflw| frqvwudlqw
+F5, lv qrw elqglqj1 Rq wklv lqwhuydo/ � +�, @ 3 hyhu|zkhuh dqg frqvhtxhqwo|
� ª +�, @ 31 Wkh rswlpdo vroxwlrq lq wklv fdvh lv d ¶ © +�, =

Frqvlghu lqvwhdg dq lqwhuydo ^� Í > � Î ` � ��> �� zkhuh wkh prqrwrqlflw| frq0
vwudlqw lv elqglqj +d ª +�, @ 3,1 Qrz/ � +�, @ 3 dqg d +�, lv frqvwdqw dqg htxdo wr
n1 Revhuylqj wkdw rq wkh ohiw dqg rq wkh uljkw ri ^� Í > � Î ` +F5, lv qrw elqglqj
dqg wkdw � +�, lv frqwlqxrxv wkhq � +� � , @ � +� � , @ 3= Lqwhjudwlqj +D1;15, rq
^� Í > � Î `= ] �(Ï

�OÐ
C�^n> �`
Cd +�, i +�, g� @ 3 +D1;17,

ru
] � Ï
�OÐ

�
s\ � +n> �, i +�, . �

+4 . �,s\ ��� +n> �,I +�,
�
g� +D1;18,

@
] �(Ï
�OÐ

4
4� y . t +y � y,

%E ª �D� n�
+4 . �, . f

&
i +�,g�

Rqh frxog frpsxwh wkh xqnqrzq � Í > � Î dqg n/ vroylqj wkh v|vwhp iruphg e|
+D1;18, dqg n @ d ¶ © +� Í , @ d ¶ © +� Î ,1

Wr vxppdul}h li d ª +�, A 3 rq wkh zkroh vxssruw/ �/ wkhq wkh djhqf| zloo
exqfk w|shv1 Doo odqgkroghuv zloo uhwluh wkh vdph dprxqw ri odqg/ d +�, @ n/
dqg uhfhlyh wkh vdph wudqvihu W +�,1 Vlqfh odqgkroghu*v sur�w lv frvwo| iru
wkh djhqf| wkhq wkh rswlpdo wudqvihu/ W ¶ © +�,> lv vxfk wkdw � �D� n> �� @
� �D� n> �� =Wkhuh lv qr dowhuqdwlyh iru wkh uhjxodwru li vkh zdqwv wr nhhs ihd0
vleoh wkh surjudp +ohppd 5 dqg sursrvlwlrq 6,1 Li d ª +�, A 3 rq vrph lqwhuydov
ri � exw d ª +�, � 3 rq rwkhuv wkhq lw lv qrw srvvleoh wr vhsdudwh vrph �1 Wkh
vroxwlrq zloo srro vrph vhjphqwv ri wkh lqwhuydo � zlwk d ª +�, � 3 dqg rwkhuv
zlwk d ª +�, A 3= Rq wkhvh vhjphqwv wkh odqgkroghuv uhwluh wkh vdph dprxqw ri
odqg dqg jhw wkh vdph wudqvihu1
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Uhihuhqfhv
^4` Edjqrol P1 dqg Ehujvwurp W1/ 4<;<1 Orj0Frqfdyh Suredelolw| dqg lwv Ds0

solfdwlrqv1 FUHVW ZS & ;<056/ Xqlyhuvlw| ri Plfkljdq1
^5` Edurq G1 dqg P|huvrq U1/ 4<;51 Uhjxodwlqj d Prqrsrolvw zlwk Xqnqrzq

Frvwv1 Hfrqrphwulfd/ 83/ <440<631
^6` Gdvjxswd S1V1/ Kdpprqg S1M1 dqg Pdvnlq H1V1/ 4<:<1 Wkh Lpsohphqwdwlrq

ri Vrfldo Fkrlfh Uxohv= Vrph Uhvxowv rq Lqfhqwlyh Frpsdwlelolw|1 Uhylhz
ri Hfrqrplf Vwxglhv/ 79/ 4;805491

^7` Ihuudur/ S1M1 53341 Joredo Kdelwdw Surwhfwlrq= Olplwdwlrqv ri Ghyhorsphqw
Lqwhuyhqwlrqv dqg d Uroh iru Frqvhuydwlrq Shuirupdqfh Sd|phqwv1 Frqvhu0
ydwlrq Elrorj|/ 48 +7,/ 40451

^8` Ihuudur/ S1M1 dqg Nlvv D1/ 53351 Gluhfw Sd|phqwv iru Elrglyhuvlw| Frqvhu0
ydwlrq1 Vflhqfh/ 5<;/ 4:4;04:4<1

^9` IRQDILIR/ 53331 Ho Ghvduroor gho Vlvwhpd Sdjr gh Vhuylflrv Dpelhqwdohv
hq Frvwd Ulfd1 Vdq Mrvì/ Frvwd Ulfd= Irqgr Qdflrqdo gh Ilqdqfldplhqwr
Iruhvwdo +IRQDILIR,1

^:` Jrhvfko W1 dqg Wxq Olq/ 53371 Hqgrjhqrxv Lqirupdwlrq Vwuxfwxuhv lq Hq0
ylurqphqwdo Frqwudfwlqj1 Vwd� Sdshu Qr1 7:</ Ghsduwphqw ri Djulfxowxudo
dqg Dssolhg Hfrqrplfv/ Xqlyhuvlw| ri Zlvfrqvlq0Pdglvrq1

^;` Juryhv W1/ 4<:61 Lqfhqwlyh lq Whdpv1 Hfrqrphwulfd/ 74/ 94:0964
^<` Jxhvqhulh U1 dqg Od�rqw M1M1/ 4<;71 D Frpsohwh Vroxwlrq wr d Fodvv ri

Sulqflsdo0Djhqw Sureohpv zlwk dq Dssolfdwlrq wr wkh Frqwuro ri d Vhoi0
Pdqdjhg Ilup1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/ 65<069<1

^43` Od�rqw M1M1 dqg Pduwlpruw G1/ 53351 Wkh Wkhru| ri Lqfhqwlyhv= wkh
Sulqflsdo0 Djhqw prgho1 Sulqfhwrq Xqlyhuvlw| Suhvv1

^44` Pluuohhv M1D1/ 4<:41 Dq H{sorudwlrq lq wkh Wkhru| ri Rswlpxp Lqfrph
Wd{dwlrq1 Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 4:8053;1

^45` RHFG/ 4<<<1 Kdqgerrn ri Lqfhqwlyh Phdvxuhv iru Elrglyhuvlw|= Ghvljq dqg
Lpsohphqwdwlrq/ RHFG/ Sdulv1

^46` Sdjlrod V1/ Odqghoo0Ploov Q1 dqg Elvkrs M1/ 53351 �Pdnlqj Pdunhw0edvhg
Phfkdqlvpv Zrun iru Iruhvwv dqg Shrsoh1� Lq Sdjlrod V1/ Elvkrs M1 dqg
Odqghoo0Ploov Q1 +hgv1,/ Vhoolqj Iruhvw Hqylurqphqwdo Vhuylfhv= Pdunhw0
edvhg Phfkdqlvpv iru Frqvhuydwlrq dqg Ghyhorsphqw1 Orqgrq= Hduwkvfdq1

^47` Sdjlrod V1/ Djrvwlql S1/ Jreel M1/ gh Kddq F1/ Leudklp P1/ Pxujxhlwlr H1/
Udpðuh} H1/ Urvdohv P1/ Uxð} M1S1/ 53371 Sd|lqj iru Elrglyhuvlw| Frqvhuyd0
wlrq Vhuylfhv lq Djulfxowxudo Odqgvfdshv1 Hqylurqphqw Ghsduwphqw Sdshu
Qr1 <91 Zdvklqjwrq= Zruog Edqn1
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^48` Vdo}pdq M1H1/ 53381 Fuhdwlqj Pdunhwv iru Hfrv|vwhp Vhuylfhv= Qrwhv iurp
wkh Ilhog1 Qhz \run Xqlyhuvlw| Odz Uhylhz/ yro1 ;3/ qr1 91 Dydlodeoh dw
VVUQ= kwws=22vvuq1frp2devwudfw@:<9::51

^49` Vplwk U1/ 4<<81 Wkh Frqvhuydwlrq Uhvhuyh Surjudp dv d Ohdvw0Frvw Odqg
Uhwluhphqw Phfkdqlvp1 Dphulfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv/ ::/
<604381

^4:` Vplwk U1 dqg Vkrjuhq M1/ 53351 Yroxqwdu| Lqfhqwlyh Ghvljq iru Hqgdqjhuhg
Vshflhv Surwhfwlrq1 Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw/
76/ 49<04;:1

^4;` Zruog Edqn/ 53331 Hfrpdunhwv Surmhfw= Surmhfw Dssudlvdo Grfxphqw1 Uh0
sruw Qr1 537670FU1 Zdvklqjwrq= Zruog Edqn1

^4<` Zx M1 dqg Euxfh D1 Edefrfn/ 4<<91 Frqwudfw Ghvljq iru wkh Sxufkdvh ri
Hqylurqphqwdo Jrrgv iurp Djulfxowxuh1 Dphulfdq Mrxuqdo ri Djulfxowxudo
Hfrqrplfv/ :;/ <680<781
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